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Abstract 

There are physical Majorana phases in the lepton flavor mixing matrix when neu- 
trinos are Majorana fermions. In the case of two degenerate neutrinos, the physical 
Majorana phase plays the crucial role for the stability of the maximal flavor mix- 
ing between the second and the third generations against quantum corrections. The 
physical Majorana phase of tt guarantees the maximal mixing to be stable against 
quantum corrections, while the Majorana phase of zero lets the maximal mixing be 
spoiled by quantum corrections when neutrino masses are of O(eV). The continuous 
change of the Majorana phase from n to makes the maximal mixing be spoiled by 
quantum corrections with O(eV) degenerate neutrino masses. On the other hand, 
when there is the large mass hierarchy between neutrinos, the maximal flavor mixing 
is not spoiled by quantum corrections independently of the Majorana phase. 
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1 Introduction 



Recent neutrino oscillation experiments suggest the strong evidences of the tiny neutrino 
masses and lepton flavor mixings Studies of the lepton flavor mixing matrix, which 

is so-called Maki-Nakagawa-Sakata(MNS) matrix^, will give us important cues of the 
physics beyond the standard model. One of the most important studies of the lepton 
flavor mixing is the analysis of the quantum correction on the MNS matrix p|-pH| . 



In this paper we analyze the effect of the Majorana phase for the stability against 
quantum corrections of the maximal mixing between the second and the third generations, 
which is suggested by the atmospheric neutrino experiments^, [|. There is one physical 
Majorana phase in the 2x2 MNS matrix when neutrinos are Majorana fermions. This 
Majorana phase plays the crucial role for the stability against quantum corrections when 
two neutrino masses are degenerate. When Majorana phase is equal to zero, the maximal 
mixing is spoiled by quantum corrections when neutrino masses are of 0(eV)@. On the 
other hand, the maximal mixing is not spoiled by quantum corrections when Majorana 
phase is equal to ir because the neutrino mass matrix has the pseudo-Dirac texture |TT 



The continuous change of the Majorana phase from it to makes the maximal mixing be 
spoiled by quantum corrections when neutrino masses are of O(eV). 

When there is the large mass hierarchy between neutrinos, the lepton flavor mixing is 
stable against quantum corrections independently of the Majorana phase. 

2 Stability of the maximal mixing and Majorana phase 

The neutrino mass matrix of the second and the third generations 



^22 ^23 
^23 ^33 



is diagonalized as 



U t k U = D K , (2) 




where D K is given by 

D K = \ 7 I , (3) 

\ m 3 J 

with rrii > (i = 2,3). The unitary matrix U is defined as 

_ - cos 6*23 sin 023 W 1 
1 -sin 23 cos023 / \ e**/ a 1 ' 
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where #23 is the mixing angle between the second and the third generations, and denotes 
the physical Majorana phase of neutrinos. In the diagonal base of charged lepton masses, 
U is just the MNS matrix. 

Since the atmospheric neutrino experiments suggest f||, || 



sin^ 23 ~l, (5) 

we analyze the stability of the mixing angle 823 against quantum corrections around 623 = 
7r/4. In this case, eq.(ET) shows 



K = U*D K U ] 



1 / vri2 + vn,3e —777.2 + 777.36 ^ 

2 \ — m 2 + m 3 e~ 1 ^ m 2 + m 3 e~^ 



(6) 



Quantum corrections change the form of kM, M as 



k' 



1 U 1 ° 

1 + e j \ 1 + e 

m2 + rri3e~ l< t > (— m 2 + m3e~ l ^)(l + e) 

2 \ (-7712 + m 3 e -< *)(l + e) (m 2 + m 3 e- i<?i )(l + 2e) 



+ 0(0- (7) 



The unitary matrix [/' which diagonalizes shows us whether the maximal mixing between 
the second and the third generations is spoiled by quantum corrections or not. The mixing 
angle 623 which diagonalizes k' in eq.(^) is given by 

tan2£ 23 = - °™ + O(e ) , (8) 

e m 2 + m 3 + 2m 2 m 3 cos 

where 

5m 2 = mj — m\ , (9) 

which is determined by the atmospheric neutrino experiments^, Equation @ shows 
that the mixing angle #23 is stable (unstable) against quantum corrections when the value 
of 5m 2 / (m| + m\ + 2m 2 m 3 cos0) is larger (smaller) than that of e. 

When two mass eigenvalues are degenerate as m 2 ~ m 3 , we can easily see the following 
facts at = 0, and 7r: 



'%) When = 0, eq.(|8]) derives 



* 1 m 3 — m 2 , , 

tan 2^ 23 ~ -. 10 

e 777-3 + 7772 



3 



This means that the mixing angle §23 is stable (unstable) when the value of (777.3 — 
^2)/ '( m 3 + m 2) i s larger (smaller) than that of e. When m 3 = 0(1) eV, the value 
of (7773 — vn-i) j [vtlj, + 7772) is small enough for the maximal mixing to be spoiled by 
quantum corrections 0. 

(ii) When = Ti, eq.(||) derives 

tan 26*23 • (11) 

e 7773 — 7772 

This means that the maximal mixing is not spoiled by quantum corrections. It is 
because the absolute values of off-diagonal elements in k' are much larger than those 
of diagonal elements, which is so-called the pseudo-Dirac texture. Equation ([□]) is 
induced just from the initial value of 823 — tt/4. For the general values of #23; it is 
satisfied that tan 26*23 = tan 26*23 + 0(e 2 )[K|. This means the mixing angle of 6*23 
receives little changes from quantum corrections for the general values of #23. 

The behaviors against quantum corrections in cases of (i) and (ii) are completely different 
from each other as shown above. The physical Major ana phase of n guarantees the maxi- 
mal flavor mixing to be stable against quantum corrections, while the Majorana phase of 
zero lets the maximal mixing be spoiled by quantum corrections when m 3 = O(eV). How- 
ever eq.(||) suggests that they are connected with each other by the continuous change of 
Majorana phase 0. Therefore this Majorana phase <fi plays the crucial role for the stability 
of the lepton flavor mixing angle against quantum corrections. 

Figure 1 shows the contour plot of sin 2 2# 23 for the continuous changes of <p and 777 2 2 . We 
use the value of 5?77 2 = 3 x 10~ 3 eV 2 0, [|. The value of e is determined by two parameters 
of tan/3 = 20 and the intermediate scale Mr = 10 13 GeV|lO|- We input the low-energy 



data to #23 and 5m 2 , and show the value of 623 at Mr = 10 13 GeV in Fig.l. The continuous 
change of the Majorana phase from it to makes the maximal mixing between the second 
and the third generations be spoiled by quantum corrections when m\ = 0(l)eV 2 . The 
larger the value of 7B2 2 becomes, the smaller the angle 623 becomes. As we have shown at 
(ii) , the maximal mixing is not spoiled by quantum corrections around <fi = it independently 
of the value of 7772 2 . 

Figure 1 also shows that the maximal mixing is stable against quantum corrections 
around 7T72 2 — independently of the value of (p. It is because eq.(|[) derives 

tan26 1 23 ~- (12) 

when 7T72 2 = 0. The physical Majorana phase can be rotated out by the field redefinition 
in this case. Equation ([12]) suggests that the maximal mixing is not spoiled by quantum 
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Fig. 1: The contour plot of sin 2 29 23 for the continuous changes of the Majorana phase 
and m 2 2 (A: sin 2 2fl 2 3 < 0.05, B: 0.05 < sin 2 29 23 < 0.1, C: 0.1 < sin 2 29 23 < 0.5, 
D: 0.5 < sin 2 2^3 < 0.9, E: 0.9 < sin 2 29 23 < 0.99, F: 0.99 < sin 2 2# 23 ). We use the 
experimental value of 5m 2 = 3 x 10~ 3 eV 2 [|[ [|. The value of e is determined by two 
parameters of tan/? = 20 and M R = 10 13 GeV |TU[. ^23 is the mixing at M R = 10 13 GeV. 



corrections independently of the Majorana phase when there is the large mass hierarchy 
between m 2 and m 3 . Equation ( |12"D is induced just from the initial value of #23 = 7r /4, and 
for the general values of 6*23, it is satisfied that tan26*23 = tan 26*23(1 — esec26 ) 2 3) +Q(e 2 ) |10|. 
This means the mixing angle of 9 23 receives little changes from quantum corrections for 
the general values of 6*23- 

This result implies that the flavor mixing matrix with the large mass hierarchy of |m 3 | ^> 
1 777.2 1 3> |^i I is also stable against quantum corrections in the three generation neutrinos. 



It has been shown by the numerical analyses in Ref.[10 



3 Summary 

There are physical Majorana phases in the MNS matrix when neutrinos are Majorana 
fermions. The Majorana phase in the MNS matrix plays the crucial role for the stability 
of the maximal mixing between the second and the third generations against quantum 
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corrections when two neutrino masses are degenerate. When the Majorana phase is equal 
to zero and neutrino masses are of O(eV), the maximal mixing is spoiled by quantum 
corrections. On the other hand, when Majorana phase is equal to tt, the maximal mixing 
is not spoiled by the quantum corrections because of the pseudo-Dirac texture of the 
neutrino mass matrix. The continuous change of the Majorana phase from it to makes 
the maximal mixing be spoiled by quantum corrections when neutrino masses are of O(eV). 

When there is the large mass hierarchy between neutrinos, the maximal mixing is not 
spoiled by quantum corrections independently of the Majorana phase. This result can ex- 
plain that the mixing angles are stable against quantum corrections in the three generation 
neutrinos with the large mass hierarchies of |m 3 | 3> \m,2\ 3> \mi\. 

We can also analyze the effects of neutrino Majorana phases in the cases of three gen- 
eration neutrinos with mass hierarchies of 1 777.2 1 ~ \ m i\ ^ l m 3| an d |^3| ~ l^l ~ \ m i\ 
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